INTRODUCTION
The elastic modulus of concrete is considered one of the most important mechanical properties of concrete for determining the static and dynamic behaviors of new concrete structures. It is a fundamental parameter needed for evaluating the deformations and the intrinsic frequencies needed for designing concrete structures.
1 It can also be used for existing structures to estimate the degree of deterioration.
2,3
The elastic modulus could be measured experimentally or approximated using equations provided by various codes such as ACI 318 for normal-strength concrete that relates the elastic modulus with the compressive strength. Because the addition of discrete fibers has little impact on the compressive strength of fiber-reinforced concrete (FRC), [4] [5] [6] [7] [8] existing equations should be applicable in predicting the elastic modulus of FRC. However, unlike normal concrete, FRC can be made to provide both strain-softening and strain-hardening properties. For strain-hardening FRC, the mixture typically comprises a lower volume of coarse aggregates than fine aggregates. As a result, the elastic modulus of strain-hardening FRC is difficult to predict, as existing equations may not be applicable. To this end, some researchers reported conflicting results showing that discrete fibers do play a role in the modulus of elasticity. [9] [10] [11] [12] [13] Coarse aggregate has a large impact on the elastic modulus of concrete due to its large stiffness value and large volume fraction in concrete.
14, 15 For FRC with a coarse-to-fine aggregate ratio (C/S) greater than 1, the elastic modulus did not show any significant changes (less than 10%) in comparison to normal concrete. [16] [17] [18] [19] However, when the C/S is less than 1, the elastic modulus decreases with an increase in the fiber's volume fraction and the aspect ratio. 20 One explanation for elastic modulus to decrease, as stated by Neves and Fernandes de Almeida, 21 is because fibers parallel to the load direction could act like voids. Furthermore, the addition of fibers may also impact the consolidation and consequently reduces the elastic modulus. These two explanations are confirmed when comparing FRC mixtures with the same fiber content: the mixtures with longer fibers have lower elastic modulus.
22
There have been many new elastic modulus equations developed specifically for FRC. 18, 20, [23] [24] [25] [26] However, because the elastic modulus is influenced by various parameters, the materials and mixture proportions that were used in their studies generally limit these equations. To develop new general elastic modulus equations, this study examined five types of discrete fibers consisting of steel, polypropylene, macro-polyolefin, polyvinyl alcohol (PVA), and basalt fibers. Additionally, the equations were evaluated with a database consisting of more than 400 data points taken from other literatures.
RESEARCH SIGNIFICANCE
The elastic modulus is one of the fundamental properties used in analyzing and designing FRC structural components. Although previous research provided new equations to approximate elastic modulus, conflicting results were reported and they do not address key parameters such as the volume fraction and C/S. Additionally, new discrete fibers have been developed recently and their effects on mechanical property are not well documented. Therefore, there is a need to study the effect of various discrete fibers on mechanical property of concrete.
EXPERIMENTAL INVESTIGATION
An extensive experimental study had been conducted to improve the elastic modulus calculation and compressive strength for FRC using five types of fiber, two volume fractions, and two C/S. The materials used, mixture and specimen preparation, and test methods are described in detail in the following. Institute. All rights reserved, including the making of copies unless permission is obtained from the copyright proprietors. Pertinent discussion including author's closure, if any, will be published ten months from this journal's date if the discussion is received within four months of the paper's print publication.
Materials
In this study, five types of fiber consisting of steel end hooked, polypropylene, macro-polyolefin, two types of PVA, and basalt fibers were used to investigate their effects on elastic modulus of FRC. The fibers had varying diameters and length ranging from 0.035 to 0.15 in. (1 to 4 mm) and 0.25 to 1.9 in. (6 to 48 mm), respectively. Their tensile strengths were between 44 and 165 ksi (552 and 1655 MPa). Their physical properties are summarized in Table 1 .
ASTM C188 27 Type I/II portland cement with a specific gravity of 3.15 was used in all mixtures. The coarse aggregate used was crushed limestone with a maximum size of 0.75 in. (19 mm) and relative density of 2.48. Natural sand with relative density of 2.63 was used. Both coarse and fine aggregates conformed to the ASTM C33 28 specification.
Mixture and specimen preparation
Three different mixtures consisting of ordinary concrete, FRC, and fiber-reinforced cement composites (FRCCs) were made. All mixtures had the same water-cement ratio (w/c) of 0.45. The ordinary concrete mixture was used as a control mixture without any discrete fibers added. The controlled concrete mixture contained 28% natural sand and 40% crushed limestone with a C/S of 1.35. The FRC mixtures were the same as the controlled concrete mixture but portions of the crushed limestone were replaced with discrete fibers. Two fiber volume fractions were used in the FRC mixtures consisting of 0.5% and 0.8%. To enhance the strain-hardening property of the FRCC mixtures, crushed limestone was not used and higher fiber volume fractions consisting of 1.5% and 2% were used instead. The mixture proportions of the FRC and FRCC are provided in Fig. 1 .
The concrete was mixed in accordance with ASTM C192 29 specification using a 1.7 ft 3 (0.05 m 3 ) laboratory mixer. First, all raw materials with the exception of the discrete fibers were added to the mixer and thoroughly mixed together for approximately 3 minutes. Then, the mixture was rested for another 3 minutes, followed by 2 to 3 minutes of final mixing where the discrete fibers were also added gradually to ensure they were well dispersed into the mixture. Because some discrete fibers impact the workability of concrete, a high-range water-reducing admixture (HRWRA) was also used on some of the mixtures to ensure that all mixtures had a slump of approximately 2.75 in. (75 mm). The fresh mixtures were evaluated for their workability using standard slump cone test in accordance with the ASTM C143 30 specification. Ten 4 x 8 in. (100 x 200 mm) cylinders were casted in three layers using a vibrator to consolidate the concrete. The concrete specimens were covered with plastic sheet membranes and kept at ambient temperature of 74°F (23°C) for 24 hours, after which the specimens were removed from the molds and cured in water for 7 days followed by air-dried curing at the same ambient temperature.
Test method
The elastic modulus and compressive strength tests were performed in accordance with ASTM C469 31 and C39 32 specifications, respectively, using a 400 kip (1780 kN) compression machine. To avert eccentric loading and remove any surface irregularity, the top and bottom surface areas were grinded. The axial load was applied at a constant loading rate of 35 lb/s (156 kN/s). The elastic modulus of the cylinders under compression was measured using a linear variable displacement transducer (LVDT) at the midheight of the cylinder. The elastic modulus of concrete was determined in accordance with ASTM C469 specification using the average of the slopes of the three ascendant parts of the 40% ultimate compressive strength loading/unloading cycles. Figure 2 illustrates the impact of fiber's volume fraction on compressive strength for mixtures with C/S > 1 (that is, FRC mixtures) and C/S ratio ≤ 1 (that is, FRCC mixtures). It is observed that for FRC mixtures, on average, there was an increase of 9% and 18% in compressive strength for 0.5% and 0.8% fiber's volume fractions, respectively. The largest increase was for the FRC mixtures with polyolefin fibers, while the FRC mixtures with steel fibers did not have a significant compressive strength increase. On the other hands, there was an average decrease of 17% and 19% in compressive strength for 1.5% and 2.0% fiber's volume fraction, respectively, for the FRCC mixtures. FRCC mixtures with PVA 150, basalt, and polypropylene fibers had the largest reduction, while steel and PVA 240 did not have significant strength reduction, particularly for a fiber's volume fraction of 2.0%.
EXPERIMENTAL RESULTS AND DISCUSSION Effect of fiber's volume fraction on mechanical properties
As for the elastic modulus, illustrated in Fig. 3 , both FRC and FRCC mixtures experienced a reduction in the elastic modulus with the addition of discrete fibers. The FRC mixtures had an average reduction of 10%, even though there was an increase in their compressive strength. However, this is relatively small in comparison to the FRCC mixture with an average reduction of 20%. Because of these variations, the accuracy of existing elastic modulus equations need to be further examined to determine the impact of discrete fibers on elastic modulus.
ELASTIC MODULUS EQUATIONS Database of experimental data
To further examine the impact of discrete fibers on elastic modulus, a comprehensive elastic modulus database had been gathered using experimental results obtained from various literatures listed in Table 2 . A total of 24 literatures consisting of over 400 data points using steel, PVA, polypropylene, polyolefin, and basalt fibers were collected. The database contains both FRC and FRCC mixtures as denoted by C/S in the table. The fiber's length and volume fractions ranged from 0.20 to 2.36 in. (5 to 60 mm) and 0.1% to as high as 10.0%, respectively. The concrete compressive strengths were between 3260 and 17,400 psi (22.5 and 120 MPa).
Database of elastic modulus equations
Seventeen elastic modulus equations were used to evaluate their accuracy with the experimental data and the database obtained from the literatures. Many of these equations relate the elastic modulus directly to the compressive strength-that is, ACI 318, 33 23 The remaining equations do not depend on compressive strength at all, but rather equate the elastic modulus of concrete with discrete fibers with the elastic modulus of normal concrete, fiber's volume fraction, and/or fiber aspect ratio (fiber length divided by fiber diameter)-that is, Aslani and Samali, 11 Aslani and Natoori, 12 Ezeldin and Balaguru, 38 Gao et al., 10 Padmarajaiah, 39 and Ayub et al.
9 Table 3 summarizes all the elastic modulus equations
and their limitations. It should be noted that the limitations of these equation were ignored in this study to determine the best general-purpose elastic modulus equation of concrete containing discrete fibers. The fundamental goal was to select or develop a general elastic modulus equation for a wide range of compressive strengths, different fiber types, and variety of fiber volume fractions. The calculated elastic modulus and corresponding experimental results obtained from the literature are plotted in 14 It is observed that the COV of various code equations are high ranging, from 24% to 31% with the Norwegian code performing the best, while the ACI 318 33 performed the worst. The equation by Mansur et al.
14 performed better than the code equations with a COV of 20%. However, this equation generally provides an unconservative approximation of the elastic modulus, or in other words, the equation predicts a structure to be stiffer than it is. Other equations, including Lee et al., 20 Hsu and Hsu, 23 Thomas and Ramaswamy, 18 Maruthachalam et al., 24 Iravani, 25 and Graybeal, 26 are plotted in Fig. 5 . All these equations performed poorly with COV exceeding 28%. All equations that depend on elastic modulus of normal concrete also have high COV when using ACI 318 to predict the elastic modulus of normal concrete with COV exceeding 31%, as illustrated in Fig. 6 . However, the COV significantly improves if the experimental elastic modulus of normal concrete is used. Among them, the best elastic modulus prediction is the equation proposed by Aslani and Samali.
11
It has a COV of 13% compared to 31% when experimental elastic modulus is used. Nevertheless, it would be unpractical for designers to obtain the experimental elastic modulus of normal concrete when designing new concrete structures.
To further examine the accuracy of these equations, other statistical indicators were also used in the evaluation, including the mean square error and mean deviation. Both equation is used to determine the normal concrete elastic modulus. Considering that most designers will not have the experimental data, this equation would not be useful when designing new concrete structures with discrete fibers. Among the code equations, the Norwegian Code 37 provides the best correlation between the calculated and measured elastic modulus with mean square error and mean deviation of 38% and 1.14, respectively. Another equation that performs well is the equation proposed by Iravani 25 with COV, mean square error, and mean deviation of 29%, 38%, and 1.04, respectively. Thus, a new equation is needed considering that all existing equations do not provide good prediction of the elastic modulus. 
Proposed elastic modulus equation
A new equation for elastic modulus was developed by modifying the ACI 318 equation to account for the influence and direct contribution of additional fibers in concrete. As shown earlier, the reduction in elastic modulus was more significant for FRCC mixtures where C/S ≤ 1. To this end, the database was divided into two groups: 1) C/S > 1; and 2) C/S ≤ 1. It was discovered that the exiting ACI 318 equation provided a good correlation with the measured elastic modulus, provided that C/S > 1. This is reasonable considering that the discrete fibers do not provide significant resistant to compression. The error significantly increased if the data for C/S ≤ 1 were used in the evaluation. In this case, the elastic modulus would decrease with increasing fiber volume fraction. As a result, the fiber volume fraction factor (λ Vf ) was introduced to account for the reduction in elastic modulus as fiber volume fraction increases for mixtures with C/S ≤ 1. Figure 7 illustrates the comparison between λ Vf and fiber volume fractions. A regression analysis was used to correlate these two values, as shown in the figure by the solid regression line. The proposed elastic modulus equation, 
where
for / (7) Figure 8 illustrates the comparison between calculated and measured elastic modulus using the proposed equation. It is determined that the COV of the proposed equation is 15%, which other than Aslani and Samali 11 that uses experimental elastic modulus, is the lowest. Moreover, as shown in Table 4 , the mean square error and mean deviation of the proposed equation either match or improve when compared to Aslani and Samali.
11 The proposed equations uses experimental elastic modulus with a value of 18% (compared to 18% by Aslani and Samali
11
) and 1.01 (compared to 1.02 by Aslani and Samali
), respectively. Considering that the equation for determining elastic modulus of concrete with discrete fibers. Although the unit weight of the concrete is not considered in this study due to lack of data, it is anticipated that the existing ACI 318 33 equation that accounts for the unit weight of concrete could also be used with the proposed λ Vf .
CONCLUSIONS
This study provides an in-depth examination of elastic modulus of concrete with discrete fibers, including steel, polypropylene, macro-polyolefin, PVA, and basalt fibers. Additionally, a comprehensive database of elastic modulus results and equations were used to evaluate the accuracy of existing elastic modulus equations. From this study, the following conclusions can be made:
1. Although some fluctuations (within 10%) in the data were observed, when C/S > 1, the fibers did not influence its elastic properties. However, when there was no coarse aggregate or when C/S ≤ 1, the elastic modulus decreased with an average reduction of 20%. This could be attributed to extra voids brought on by the addition of fiber as revealed in the results. As a result, existing elastic modulus equations from the codes would not provide a good estimation of the reduction in elastic modulus.
2. Using more than 400 data points obtained from the experimental program and 24 other literatures, the accuracy of existing elastic modulus equations was evaluated. It was determined that existing equations do not provide a good prediction of elastic modulus of concrete with discrete fibers. Consequently, the proposed equation (Eq. (5)) was introduced to correct the errors of existing equations. The proposed equation is applicable to a wide range of concrete with variety of fiber types, C/S, concrete strengths, and fiber volume fraction between 0.1% to 10%. It is recommended that the proposed equation be used for computing the elastic modulus of FRC. 
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NOTATION
C/S = coarse aggregate weight/sand aggregate weight COV = coefficient of variation of elastic modulus data d f = diameter of fiber E c = elastic modulus for fiber-reinforced concrete, MPa E ci = measured value of elastic modulus for the i-th data point in data E cp = elastic modulus for plain concrete, MPa E cpi = predicted value of elastic modulus for the i-th data point in data f c ′ = compressive strength, MPa K = a constant depending on V f proposed by Ayub et al. 9 . Constants are defined in Table 3 L f = length of fiber n = number of data points in data RI = fiber index V f · S p S p = aspect ratio for fiber (L f /d f ) V f = volume fraction of fiber, % λ Vf = fiber effect factor μ = mean measured value of elastic modulus
